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Effects of the electron-electron interaction on tunneling in a semiconductor nanowhisker
are studied in a magnetic quantum limit. We consider the system with which bulk and edge
states coexist. In bulk states, the temperature dependence of the transmission probability is
qualitatively similar to that of a one-dimensional electron system. We investigate contribu-
tions of edge states on transmission probability in bulk states. Those contributions can be
neglected within our approximation which takes into account only most divergent terms at
low temperatures.
KEYWORDS: magnetic quantum limit, Friedel oscillation, Hartree-Fock approximation, semi-
conductor nanowhisker, edge state
1. Introduction
An isotropic bulk conductor placed in a very strong magnetic field, with only the lowest
Landau subband occupied (magnetic quantum limit, MQL) provides an interesting example
of a quasi one-dimensional (1D) electron system. We thus expect its transport properties
to be similar to those of 1D electron systems. Many-body effects on the electron transport
in the magnetic-field-induced quasi 1D electron systems have recently been investigated.1–3)
According to them, Friedel oscillations of the electron density induced by the barrier give an
essential effect on the electron transport in magnetic-field-induced quasi 1D electron systems
like the case of 1D electron systems. In such systems, measurement of the electron transport is
much easier than in 1D electron systems, since it can be performed with use of bulk specimen.
We investigate effects of the electron-electron interaction on the transmission probability
of electrons through a tunnel junction in a MQL. Starting with the Hartree-Fock theory, the
Coulomb interaction, which gives rise to the divergence of Fock correction, should be replaced
by the dynamically screened Coulomb interaction whereas we should use the bare Coulomb
interaction for Hartree correction.3, 4) Nevertheless, the results obtained by the perturbation
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theory diverge logarithmically at low temperatures. So we take into account higher order
contributions using the poor man’s scaling approach.5) The temperature dependence of the
transmission probability is qualitatively similar to that of a 1D Tomonaga-Luttinger liquid
(TLL),6) except that the parameter of the electron-electron interaction is magnetic field de-
pendent, and may be either positive or negative. We show the magnetic field dependences of
the parameter in some cases. The electron-electron interaction may either suppress or enhance
the transmission, in contrast to TLL with the repulsive interaction.
Those predictions are experimentally verifiable by low carrier density materials, e.g. doped
semiconductors. In order to observe clear interaction effects, in a MQL, the mean free path
of the electrons has to be much longer than the Fermi wave length. However, for bulk doped
semiconductors, it is difficult to satisfy that condition. Therefore, in this letter, we consider
semiconductor nanowhiskers as more realistic systems because of the extremely high car-
rier mobility expected in modulation doped structures. Recently, high quality semiconductor
nanowhiskers with sharp heterojunctions have been realized.7, 8) Here we study interaction
effects on the electron transport in a MQL in nanowhiskers whose radii are much longer than
the Larmor radius. In such a system, there coexist bulk and edge states.9) We investigate
contributions of edge states on the transmission probability in bulk states and show that
those can be neglected within our approximation. Finally, we will discuss the temperature
dependences of the conductance in the whole system.
2. Model
We consider the semiconductor nanowhisker whose radius is much longer than the Larmor
radius λB =
√
~/eB. We ignore the spin degree of freedom, for we assume that the spins of all
electrons are completely polarized in the magnetic field. We choose the z-axis of the coordinate
system along the magnetic field induced parallel to the growth direction of the nanowhiskers,
and use the symmetric gauge A = (−By/2, Bx/2, 0) for the vector potential A.
Fig. 1. Tunnel junction in a semiconductor nanowhisker whose radius is much longer than the Larmor
radius. Magnetic field B = (0, 0, B) is perpendicular to the tunnel barrier.
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Fig. 2. Energy spectra in a plane perpendicular to a magnetic field. The radius rℓ is the center of
the wave function. ǫF is the Fermi energy.
We model a tunnel junction in a nanowhisker (see Fig. 1) by the following Hamiltonian:
H0 =
(p+ eA(x))2
2m
+W (x, y) + U(z), (1)
where W (x, y) is the confining potential of a nanowhisker, and we approximate it by the
infinite square well
W (x, y) =
{
0,
√
x2 + y2 < R
∞,
√
x2 + y2 > R
, (2)
where R is the radius of the nanowhisker, U(z) is the barrier potential, and we assume that
the potential barrier is localized around z = 0, i.e., U(z) = 0 for |z| > a.
Moreover, in our systems, there coexist bulk and edge states as shown in Fig. 2. Energy
spectra in bulk states do not depend on the center of the wave function rℓ although those
in edge states depend on rℓ.
9) Here, we do not consider the edge reconstruction predicted in
two-dimensional systems.10, 11)
First, we will consider effects of the electron-electron interaction on the transmission prob-
ability in bulk states. Next, we will investigate the contributions of edge states on them.
3. Hartree-Fock Correction to Transmission Probability in Bulk States
To begin with, we review the procedure of calculating interaction effects on the trans-
mission probability in bulk states, where we assume that the electron-electron interaction is
weak.
We consider the case where a MQL is realized. It is realized if the magnetic field is strong
enough so that
B >
~
e
(2π4ne
2)1/3, (3)
where ne is the electron density. Then it is well-known that the wave functions and energy
eigenvalues in our systems are
ϕ
(0)
ℓ,kz
(x) = φ
(0)
ℓ (r, θ)u
(0)
kz
(z), (4a)
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ǫ
(0)
kz
=
1
2
~ωc +
~
2kz
2
2m
, (4b)
where
φ
(0)
ℓ (r, θ) =
1√
2π2|ℓ||ℓ|!λB
(
r
λB
)|ℓ|
e
− r
2
4λB
2 eiℓθ , ℓ ≤ 0, (5a)
u
(0)
kz
(z) =
{
eikzz + r0e
−ikzz, (z < −a),
t0e
ikzz, (z > a),
(kz > 0), (5b)
u
(0)
kz
(z) =
{
t0e
ikzz, (z < −a),
eikzz + r0e
−ikzz, (z > a),
(kz < 0), (5c)
where ωc = eB/m is the cyclotron frequency and t0 and r0 are the transmission and reflection
amplitudes through the barrier, respectively.
First, we investigate the correction to the transmission probability due to the electron-
electron interaction to the lowest order within the Hartree-Fock approximation. We calculate
the correction to the wave functions using Green’s function methods,12) where we use Mat-
subara Green’s function G(x,y, ωn) whose Feynman diagrams are depicted in Fig. 3. As for
the detailed calculations, the reader is referred to Ref. 3. The first-order correction to the
wave function due to the interaction is given by
ϕ
(1)
ℓ,kz
(x) =
∫
dx1
∫
dx′1Gkz(x;x1)
[
δ(x1 − x
′
1)VH(x
′
1)
−VF (x1,x
′
1)
]
ϕ
(0)
ℓ,kz
(x′1), (6)
where Gkz(x;x1) is the single-electron retarded Green’s function in a MQL and VH and VF
are the Hartree and Fock potentials, respectively.
Fig. 3. Feynman diagram for Matsubara Green’s function G to the lowest order in the interaction
within the Hartree-Fock approximation. The thin solid lines indicate the Green’s function for bulk
states without the interaction and the wavy lines indicate the interaction.
It is to be noted that if the interaction is the bare Coulomb interaction, Fock term in Eq.
(6) is divergent because of its long-range property. According to Refs. 3 and 4, the interaction
should be replaced by the screened interaction within random phase approximation. The
replacement of the interaction for Hartree term is not appropriate, however, as is shown in
Ref. 3. Thus we should keep the bare Coulomb interaction for Hartree term.The 1D-like Friedel
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oscillation of the electron density in a MQL leads to a logarithmic singularity in ϕ
(1)
k
(x). For
electrons near the Fermi wave number kF =
√
2m(ǫF − ~ωc/2)/~, we have the 1st-order
correction to the transmission probability
T (1) = −2α(B)T0(1− T0) ln
(
E0
E
)
, (7)
where T0 is the bare transmission probability, E0 is the effective bandwidth, E is the electron
energy measured from Fermi energy in the linearized dispersion, and α(B) is the parameter
of the electron-electron interaction given by
α(B) = 2(κλB)
2
∫ ∞
0
dq
qe−q
2λB
2/2
q2 + κ2e−q2λB
2/2
−
κ2
(2kF )2
, (8)
where κ is defined by
κ ≡
√
e2
4π2ǫ~vFλB
2 . (9)
We have to take into account the higher order contributions in the interaction since Eq. (7)
is no longer valid at low temperatures.
In order to include the higher order contributions, we use the poor man’s scaling ap-
proach.5) Then the following renormalization group equation is obtained
dT
d ln(E0/E)
= −2α(B)T (E)(1 − T (E)). (10)
From Eq. (10), the transmission probability becomes
T (T ) =
T0(kBT/E0)
2α(B)
R0 + T0(kBT/E0)2α(B)
(11)
where R0 = 1 − T0. This result is of the same form as that of 1D electron systems except
for the parameter of the electron-electron interaction. This is the transmission probability per
mode. Therefore, from the Landauer formula, the total tunneling conductance in bulk states
is
Gbulk(T ) =
e2
h
R2
2λB
2
T0(kBT/E0)
2α(B)
R0 + T0(kBT/E0)2α(B)
, (12)
where the factor R2/2λB
2 is the number of bulk modes.
From Eq. (11), we find that the transmission probability vanishes as T → 0 if α(B) > 0,
as in the case of 1D systems with the repulsive interaction. However α(B) can be negative for
large magnetic fields (see Fig. 4). In this case, according to Eq. (11), the transmission proba-
bility should become unity at zero-temperature. In Fig. 4, magnetic field dependences of the
parameters are shown for the standard doped semiconductor, GaAs, and InAs nanowhiskers
realized in Refs. 7 and 8.
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Fig. 4. The examples of the parameter α(B) vs. magnetic field B for ne = 10
23m−3, where the
MQL is realized for B > 8.2 Tesla. (i) ǫ = 13.1ǫ0,m = 0.067me (typical values of GaAs) and (ii)
ǫ = 14.55ǫ0,m = 0.026me (typical values of InAs), where ǫ0 is the permittivity of vacuum and me
is the rest mass of electron.
4. Contributions of Edge States on Transmission Probability in Bulk States
Here the contributions of edge states on the transmission probability in bulk states are
studied. For our choice of the gauge, energy spectra in edge states are dependent on the center
of the wave function rℓ, as shown in Fig. 2. Therefore, the Fermi wave number k
′
F in the z-
direction in edge states is smaller than the Fermi wave number kF in the z-direction in bulk
states. We study the contributions of the edge state for the angular momentum ℓ = ℓ0 (see
Fig. 2). Then we have
k′F =
√
2m (ǫF − ǫℓ0)
~
, (13)
where ǫF is the Fermi energy and ǫℓ0 is the energy of the edge state with ℓ = ℓ0. Here
we calculate Matsubara Green’s function for the Feynman diagram shown in Fig. 5 as the
contribution of edge states to bulk states. Then the first-order correction to the transmission
probability in bulk states interacting with the edge state is obtained by
T ′(1) = −2α′(B)T0(1− T0) ln
(
1
|kz − k′F |d
)
, (14)
where α′(B) 6= α(B), α′(B) can be expressed using wave functions of the edge state, and
d ≡ ~vF /E0 is the cut-off length. This equation is derived from the same formulation as in
Sec. 3. Here kz is the wave number of electrons in bulk states and only electrons of kz ≃ kF
contribute electric conduction at low temperatures. Since we take into account only most
divergent terms at low temperatures, this correction can be ignored because of k′F 6= kF .
Therefore we find that the logarithmic singularity does not appear in this case. As a result,
even if we take the scattering from edge states into consideration, Eq. (12) is still valid at low
temperatures. Since the wave vector 2k′F of the Friedel oscillation of the electron density in
the edge state does not match the momentum transfer 2kF in bulk modes, this result arises.
Provided we may take into account the higher order corrections, the contributions from the
edge states can be ignored within the approximation which takes the most divergent term in
the nth order of the form [α ln(1/|kz − kF |d)]
n.
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Fig. 5. Feynman diagram for Matsubara Green’s function as the contribution of edge states to bulk
states: The thin gray lines indicate the Green’s function for edge states without the interaction.
5. Discussion
In previous sections, we considered only tunneling in bulk states. However, tunneling of
edge states may not be disregarded in the actual experiments. Although contributions of both
bulk and edge states are observed experimentally, we anticipate that singular behaviors of the
transmission probability in bulk states can be observed for the following reasons. (i) In the
case where the scattering between bulk and edge states can be ignored, the total conductance
is given by Gtot = Gbulk + Gedge. We can easily estimate Gedge/Gbulk ≃ λB/R even if the
conductance per mode is the same order of magnitude. Therefore, if R ≫ λB , contributions
due to tunneling of edge states are very small. (ii) The bare transmission probability in the
edge state is smaller than that in the bulk state because of k′F < kF . For a delta-function
like potential, U(z) = ~2Qδ(z)/2m, the transmission probability of an electron with wave
number kz is given by 1/(1 + (Q/2kz)
2). (iii) Since the Fermi wave number in the edge states
differs for every mode, only in the case when the electron in the edge state is scattered on
the density modulation due to its own mode, logarithmic singularity arises. In contrast, the
bulk states suffer scattering by the density modulation in all modes showing 2kF oscillations.
Consequently, we expect that the absolute values of the parameters of the interaction are
small, i.e., |αe,ℓ(B)| < |α(B)|, where αe,ℓ(B) is the parameter of the interaction related to
the tunneling in a single edge state ℓ. The temperature dependences of conductances in bulk
and edge states are schematically shown in Fig. 6. The slopes of curves in Fig. 6 indicate
parameters α(B) and αe,ℓ(B). Therefore, at high temperatures, the temperature dependence
of the conductance in bulk states is dominant, and the conductance in edge states hardly
depends on temperature. At low temperatures, if the transmission probability in bulk states
approaches 0 or 1, the temperature dependence of the conductance will be determined only
by the contribution of edge states, and the temperature dependence is dominated by the edge
state with smallest |αe,ℓ(B)|. The edge states (dotted line) do not obey a power-law behavior
since modes with different αe,ℓ(B)’s contribute to the conductance.
In a MQL, however, it is well known that the electron-electron interaction leads to a charge
density wave (CDW) instability of the ground state.13) Therefore, our discussions are valid at
higher temperatures than the CDW transition temperature.
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Fig. 6. Conductance vs. temperature. Each curve of the temperature dependences of the conductances
in bulk and edge modes is the case when the parameters α(B) and αe,ℓ(B) are positive.
6. Summaries
We have shown that the electron transport in magnetic-field-induced quasi 1D electron
systems is qualitatively similar to that of 1D electron systems. However, since parameters
of the interaction are magnetic field dependent, we obtained results quantitatively different
from those of 1D electron systems. Moreover, we have extended our theory to semiconductor
nanowhiskers which are more realistic systems, and have shown that contributions of edge
states on the transmission probability in bulk states can be ignored within our approximation.
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